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A direct proof that ℓ
(3)
∞ has generalized roundness zero
Ian Doust, Stephen Sa´nchez, and Anthony Weston
Abstract. Metric spaces of generalized roundness zero have interesting non-embedding properties. For
instance, we note that no metric space of generalized roundness zero is isometric to any metric subspace
of any Lp-space for which 0 < p ≤ 2. Lennard, Tonge and Weston gave an indirect proof that ℓ
(3)
∞
has generalized roundness zero by appealing to non-trivial isometric embedding theorems of Bretagnolle
Dacunha-Castelle and Krivine, and Misiewicz. In this paper we give a direct proof that ℓ
(3)
∞ has generalized
roundness zero. This provides insight into the combinatorial geometry of ℓ
(3)
∞ that causes the generalized
roundness inequalities to fail. We complete the paper by noting a characterization of real quasi-normed
spaces of generalized roundness zero.
1. Introduction: negative type and generalized roundness
A notion of generalized roundness for metric spaces was introduced by Enflo [5] (see Definition 1.1 (c)).
Enflo constructed a separable metric space of generalized roundness zero that is not uniformly homeomorphic
to any metric subspace of any Hilbert space. This showed that Hilbert spaces are not universal uniform
embedding spaces and thereby settled a question of Smirnov. Enflo’s application of generalized roundness
to the uniform theory of Banach spaces remains unique and may, indeed, be regarded as an anomaly. The
reason for this is that generalized roundness is, for all intents and purposes, an isometric rather than uniform
invariant. Indeed, Lennard, Tonge and Weston [8] have shown that the generalized roundness and supremal
p-negative type of any given metric space coincide. Negative type is a well-known classical isometric invariant
whose origin may be traced back to an 1841 paper of Cayley [3]. We recall the relevant definitions here.
Definition 1.1. Let p ≥ 0 and let (X, d) be a metric space. Then:
(a) (X, d) has p-negative type if and only if for all integers n ≥ 2, all finite subsets {z1, . . . , zn} ⊆ X ,
and all choices of real numbers ζ1, . . . , ζn with ζ1 + · · ·+ ζn = 0, we have:
n∑
i,j=1
d(zi, zj)
pζiζj ≤ 0. (1.1)
(b) p is a generalized roundness exponent of (X, d) if and only if for all integers n > 1, and all choices
of points x1, . . . , xn, y1, . . . , yn ∈ X , we have:
n∑
i,j=1
{
d(xi, xj)
p + d(yi, yj)
p
}
≤ 2
n∑
i,j=1
d(xi, yj)
p. (1.2)
(c) The generalized roundness of (X, d) is defined to be the supremum of the set of all generalized
roundness exponents of (X, d).
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There is a richly developed theory of negative type metrics that has stemmed from classical papers of
Cayley [3], Menger [10, 11, 12] and Schoenberg [16, 17, 18]. Recently there has been intense interest in
negative type metrics due to their usefulness in algorithmic settings. A prime illustration is given by the
Sparsest Cut problem with relaxed demands in combinatorial optimization [7, 14]. There are a number of
monographs that provide modern, in-depth, treatments of the theory of negative type metrics, including
Berg, Christensen and Ressel [1], Deza and Laurent [4], and Wells and Williams [19].
We note that some natural embedding problems involve spaces such as Lp with 0 < p < 1. These spaces
carry the natural quasi-norm ‖ · ‖Lp together with the corresponding quasi-metric d(x, y) = ‖x− y‖Lp. The
terminology being used here, however, is not universal. By a quasi-metric d on a set X we mean a function
d that satisfies the usual conditions for a metric on X , save that the triangle inequality is relaxed in the
following manner: there is a constant K ≥ 1 such that for all x, y, z ∈ X ,
d(x, y) ≤ K · {d(x, z) + d(z, y)}.
In the case of Lp with 0 < p < 1, the best possible (smallest) such constant K is 2
(1−p)/p. The concepts of
Definition 1.1 apply equally well in the broader context of quasi-metric spaces.
It is an important result of Schoenberg [16] that a metric space can be isometrically embedded in some
Hilbert space if and only if it has 2-negative type. The related problem of embedding Banach spaces linearly
and isometrically into Lp-spaces was raised by Le´vy [9] in 1937. In the case 0 < p ≤ 2, Bretagnolle, Dacunha-
Castelle and Krivine [2, Theorem 2] established that a real quasi-normed space X is linearly isometric to
a subspace of some Lp-space if and only if X has p-negative type. This result was applied in [2] to prove
that Lq embeds linearly and isometrically into Lp if 0 < p < q ≤ 2. However, in practice it is a hard task to
determine if a given real quasi-normed space X has p-negative type.
In 1938 Schoenberg [18] raised the problem of determining those p ∈ (0, 2) for which ℓ
(n)
q , 2 < q ≤ ∞,
has p-negative type. The cases q = ∞ and 2 < q < ∞ were settled, respectively, by Misiewicz [13] and
Koldobsky [6]: if n ≥ 3 and 2 < q ≤ ∞, then ℓ
(n)
q is not linearly isometric to any subspace of any Lp-space
for which 0 < p ≤ 2. In other words, by [2, Theorem 2], ℓ
(n)
q does not have p-negative type for any p > 0
if n ≥ 3 and 2 < q ≤ ∞. The restriction n ≥ 3 on the dimension of ℓ
(n)
q is essential in this setting. It
is well-known that every 2-dimensional normed space is linearly isometric to a subspace of L1. (See, for
example, Yost [20].) In particular, every 2-dimensional normed space has generalized roundness at least one.
For any p ≥ 0, Lennard et al. [8, Theorem 2.4] have shown that conditions (a) and (b) in Definition 1.1 are
equivalent. Thus, as noted above, the generalized roundness and supremal p-negative type of any given metric
space coincide. It therefore follows from the results in [2, 13, 8] that ℓ
(3)
∞ has generalized roundness zero
(see [8, Theorem 2.8]). Unfortunately, this indirect proof gives no insight into the combinatorial geometry
of ℓ
(3)
∞ that causes the inequalities (1.2) to fail whenever p > 0. The main purpose of this paper is to rectify
this situation by giving a direct proof that ℓ
(3)
∞ has generalized roundness zero.
The combinatorial geometry which forces ℓ
(3)
∞ to have generalized roundness zero necessarily carries over
to any real quasi-normed space X that contains an isometric copy of ℓ
(3)
∞ . For example, Banach spaces such
as X = c0 or C[0, 1] have generalized roundness zero for the same geometric reasons as ℓ
(3)
∞ .
In Section 2 we reformulate Definition 1.1 (b) in terms of regular Borel measures of compact support.
This facilitates our direct proof that ℓ
(3)
∞ has generalized roundness zero. The argument proceeds by the
analysis of an explicit geometric construction. Equivalently, our arguments give an elementary new proof
that ℓ
(3)
∞ does not have p-negative type for any p > 0. Section 4 completes the paper with a characterization
of real quasi-normed spaces of generalized roundness zero.
2. A measure-theoretic reformulation of generalized roundness
The purpose of this section is to introduce an equivalent formulation of generalized roundness that is
predicated in terms of measures. The equivalence of conditions (1) and (2) in the statement of the following
theorem is due to Lennard et al. [8, Theorem 2.2].
Theorem 2.1. Let (X, d) be a metric space and suppose that p ≥ 0. Then the following are equivalent:
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(1) p is a generalized roundness exponent of (X, d).
(2) For all integers N ≥ 1, all finite sets {x1, . . . , xN} ⊆ X, and all collections of non-negative real
numbers m1, . . . ,mN , n1, . . . , nN that satisfy m1 + · · ·+mN = n1 + · · ·+ nN , we have:
N∑
i,j=1
{
mimj + ninj
}
d(xi, xj)
p ≤ 2
N∑
i,j=1
minjd(xi, xj)
p.
(3) For all regular Borel probability measures of compact support µ and ν on X, we have:∫∫
X×X
d(x, x′)p dµ(x)dµ(x′) +
∫∫
X×X
d(y, y′)p dν(y)dν(y′) ≤ 2
∫∫
X×X
d(x, y)p dµ(x)dν(y) (2.1)
Proof. Let p > 0.
Suppose there exists a finite set {x1, . . . , xN} ⊆ X , and corresponding non-negative real numbers
m1, . . . ,mN , n1, . . . , nN (not all zero) that satisfy m1 + · · ·+mN = n1 + · · ·+ nN , such that
N∑
i,j=1
{
mimj + ninj
}
d(xi, xj)
p > 2
N∑
i,j=1
minjd(xi, xj)
p.
By normalization, we may assume that m1+ · · ·+mN = 1 = n1+ · · ·+nN . One may then define probability
measures µ and ν on the set {x1, . . . , xN} as follows: µ({xi}) = mi and ν({xi}) = ni for all i, 1 ≤ i ≤ N .
This provides a suitable instance of (2.1) failing.
Conversely, suppose that µ and ν are measures such that inequality (2.1) fails. Let X0 be a compact set
containing the support of the two measures. For n > 0 let Sn = {xj}
N
j=1 be a set of points so that the balls
B(xi, 1/n) cover X0. For x ∈ X0, let αn(x) equal the element of Sn closest to x (where, in case of a tie, one
takes the element with the smallest index). Let fn : X0×X0 → R be defined by fn(x, y) = d(αn(x), αn(y))
p.
Since the map (x, y) 7→ d(x, y)p is uniformly continuous on X0 × X0 and αn converges uniformly to the
identity on X0, it is easy to check that fn(x, y) → d(x, y)
p uniformly on X0 × X0 and hence that the
integrals of fn with respect to the product measures µ× ν, ν × ν and µ× µ converge to the corresponding
integrals of d(·, ·)p.
Since fn is a simple function, integrals of it are of the form
∑n
i,j=1 cijd(xi, xj)
p. Indeed, if we set
mi = µ({x : αn(x) = xi}) and ni = ν({x : αn(x) = xi}), then
2
∫∫
X×X
fn(x, y) dµ(x)dν(y) −
∫∫
X×X
fn(x, x
′) dµ(x)dµ(x′)−
∫∫
X×X
fn(y, y
′) dν(y)dν(y′)
= 2
N∑
i,j=1
minjd(xi, xj)
p −
N∑
i,j=1
mimjd(xi, xj)
p −
N∑
i,j=1
ninjd(xi, xj)
p. (2.2)
Since inequality (2.1) fails, for large enough n, the left-hand side of (2.2) is negative. 
In the formulation of Definition 1.1 (b) one may assume that the sets {xi} and {yi} are disjoint. This
is due to cancellation of like terms. In the measure setting, this corresponds to the measures having disjoint
support. We note that analysis of negative type and hypermetric inequalities using measures is not novel.
See, for example, Nickolas and Wolf [15, Theorem 3.2].
3. A direct proof that ℓ
(3)
∞ has generalized roundness zero
We now give a direct proof that ℓ
(3)
∞ has generalized roundness 0 on the basis of a geometric construction.
Theorem 3.1. For all p > 0, p is not a generalized roundness exponent of ℓ
(3)
∞ .
Proof. Let d denote the metric on R3 induced by the norm of ℓ
(3)
∞ . Fix p > 0. Fix L > 2 and define
the sets
Sµ = {(t,±1, 0) : −L ≤ t ≤ L}, and
Sν = {(t, 0,±1) : −L ≤ t ≤ L}.
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So each set is made up of a pair of parallel lines of length 2L. Define the measures µ = µL and ν = νL to
be one-dimensional Lebesgue measure supported on the corresponding sets Sµ and Sν .
Clearly ∫∫
R3×R3
d(x, x′)p dµ(x)dµ(x′) =
∫∫
R3×R3
d(y, y′)p dν(y)dν(y′),
and so we just need to show that, for sufficiently large L,∫∫
R3×R3
d(x, y)p dµ(x)dµ(y) >
∫∫
R3×R3
d(x, y)p dµ(x)dν(y). (3.1)
Now ∫∫
R3×R3
d(x, y)p dµ(x)dµ(y)
=
∫ L
−L
(∫ L
−L
‖(t, 1, 0)− (s, 1, 0)‖p ds+
∫ L
−L
‖(t, 1, 0)− (s,−1, 0)‖p ds
)
dt
+
∫ L
−L
(∫ L
−L
‖(t,−1, 0)− (s, 1, 0)‖p ds+
∫ L
−L
‖(t,−1, 0)− (s,−1, 0)‖p ds
)
dt
= 2
(∫ L
−L
∫ L
−L
‖(t, 1, 0)− (s, 1, 0)‖p ds dt+
∫ L
−L
∫ L
−L
‖(t, 1, 0)− (s,−1, 0)‖p ds dt
)
= 2
(∫ L
−L
∫ L
−L
|t− s|p ds dt+
∫ L
−L
∫ L
−L
max(|t− s|, 2)p ds dt
)
.
For fixed t, ∫ L
−L
|t− s|p ds =
(t+ L)
p+1
p+ 1
+
(L− t)
p+1
p+ 1
,
and so
T1 =
∫ L
−L
∫ L
−L
|t− s|p ds dt = 8
2pLp+2
p2 + 3 p+ 2
.
The other term needs to be split into pieces. If −L ≤ t ≤ −L+ 2, then∫ L
−L
max(|t− s|, 2)p ds = 2p (t+ 2 + L) +
(L− t)
p+1
− 2p+1
p+ 1
,
and so ∫
−L+2
−L
∫ L
−L
max(|t− s|, 2)p ds dt =
∫ L
L−2
∫ L
−L
max(|t− s|, 2)p ds dt
= −
2p+1
(
2L2(L− 1)p − 3 p2 − 4L(L− 1)p − 2Lp+2 − 7 p+ 2 (L− 1)p − 2
)
p2 + 3 p+ 2
.
If −L+ 2 ≤ t ≤ L− 2, then∫ L
−L
max(|t− s|, 2)p ds =
∫ t−2
−L
(t− s)
p
ds+ 4 · 2p +
∫ L
t+2
(s− t)
p
ds
=
(t+ L)
p+1
− 2p+1
p+ 1
+ 4 · 2p +
(L− t)
p+1
− 2p+1
p+ 1
,
and so ∫ L−2
−L+2
∫ L
−L
max(|t− s|, 2)p ds dt
=
2p+3
(
(L− 1)pL2 + Lp2 − 2 (L− 1)pL+ 2Lp− 2 p2 + (L − 1)p − 4 p− 1
)
p2 + 3 p+ 2
.
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Adding the appropriate terms and simplifying
T2 =
∫ L
−L
∫ L
−L
max(|t− s|, 2)p ds dt =
2p+2
(
2Lp2 + 4Lp− p2 + 2Lp+2 − p
)
p2 + 3 p+ 2
.
Combining T1 and T2, we get∫∫
R3×R3
d(x, y)p dµ(x)dµ(y) = 2 (T1 + T2) =
2p+3
(
2Lp2 + 4Lp− p2 + 4Lp+2 − p
)
p2 + 3 p+ 2
.
We now turn to calculating the right-hand side of (3.1). By symmetry∫∫
R3×R3
d(x, y)p dµ(x)dν(y) = 4
(∫ L
−L
∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds dt
)
.
If −L ≤ t ≤ −L+ 1, then∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds = 1 · (t+ 1− (−L)) +
∫ L
t+1
(s− t)p ds
= t+ 1 + L+
(L− t)p+1 − 1
p+ 1
.
Thus ∫
−L+1
−L
∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds dt =
∫ L
L−1
∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds dt
=
2p+3Lp+2 − 8 (2L− 1)
p
L2 + 8 (2L− 1)
p
L+ 3 p2 − 2 (2L− 1)
p
+ 7 p+ 2
2(p2 + 3 p+ 2)
.
If −L+ 1 ≤ t ≤ L− 1, then∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds =
∫ t−1
−L
(t− s)p ds+ 2 · 1 +
∫ L
t+1
(s− t)p ds
=
(t+ L)
p+1
− 1
p+ 1
+ 2 +
(L− t)
p+1
− 1
p+ 1
,
and so ∫ L−1
−L+1
∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds dt
= 2
2 p2L+ 4 (2L− 1)
p
L2 − 4 (2L− 1)
p
L+ (2L− 1)
p
+ 4 pL− 1− 2 p2 − 4 p
p2 + 3 p+ 2
.
Combining these gives∫∫
R3×R3
d(x, y)p dµ(x)dν(y) = 4
∫ L
−L
∫ L
−L
‖(t, 1, 0)− (s, 0, 1)‖p ds dt
=
4
(
4Lp2 + 8Lp+ 8 2pLp+2 − p2 − p
)
p2 + 3 p+ 2
.
Let
∆(L, p) =
p2 + 3 p+ 2
4p
(∫∫
R3×R3
d(x, y)p dµ(x)dν(y) −
∫∫
R3×R3
d(x, y)p dµ(x)dµ(y)
)
.
From the above calculations we see that ∆(L, p) = 4Lp+ 2p+1p + 8L + 2p+1 − 4L2pp − 8L2p − p − 1. It
remains to show that no matter how small p is, one can choose L so that ∆(L, p) < 0. (Of course, for any
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fixed L, ∆(L, p) ≥ 0 for p near zero.) It suffices to choose L = 1/p. To see this note that
∆(1/p, p) = 4 + 2p+1p+
8
p
+ 2p+1 − 4 · 2p −
8 · 2p
p
− p− 1
= p
(
2p+1 − 1
)
+
(
3− 2p+1
)
+
8 (1− 2p)
p
.
Elementary calculus shows that for 0 < p < 1,
p
(
2p+1 − 1
)
< 3,
(
3− 2p+1
)
< 1, and
8 (1− 2p)
p
< −8 ln 2 < −5,
and hence for any small p, ∆(1/p, p) < 0 as required. 
4. Quasi-normed spaces of generalized roundness zero
In this brief section we return to the theme of isometrically embedding metric spaces into Lp-spaces. The
theory developed in the papers [17, 2, 8] gives rise to the following characterization of real quasi-normed
spaces of generalized roundness zero.
Theorem 4.1. A real quasi-normed space X has generalized roundness zero if and only if it is not
linearly isometric to any subspace of any Lp-space for which 0 < p ≤ 2.
Proof. (⇒) Let X be a real quasi-normed space of generalized roundness zero. It is plain that a metric
space of generalized roundness ℘ cannot be isometric to any metric space of generalized roundness p > ℘.
Thus X is not isometric to any metric space of positive generalized roundness. The generalized roundness
of any metric subspace of any Lp-space for which 0 < p ≤ 2 is at least p by [8, Corollary 2.6]. The forward
implication is now evident.
(⇐) We argue the contrapositive. Let X be a real quasi-normed space of positive generalized roundness.
The set of all p for which a given metric space has p-negative type is always an interval of the form [0, ℘]
for some ℘ ≥ 0 or [0,∞) by Schoenberg [17, Theorem 2]. So it follows from [8, Theorem 2.4] that X has
p-negative type for some p ∈ (0, 2]. Thus X is linearly isometric to a subspace of some Lp-space by [2,
Theorem 2]. 
It is worth noting that in the proof of the forward implication of Theorem 4.1 the linear structures of X
and Lp play no role. We may therefore infer the following corollary from the argument given above.
Corollary 4.2. If X is a metric space of generalized roundness zero, then X is not isometric to any
metric subspace of any Lp-space for which 0 < p ≤ 2.
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